We will present experimental and theoretical studies of optical fields with subwavelength structures, in particular phase singularities and coherent detection methods with nanometric resolution. An electromagnetic field is characterized by an amplitude, a phase and a polarization state. Therefore, experimental studies require coherent detection methods, which allow one to measure the amplitude and phase of the optical field with subwavelength resolution. We will present two instruments, a heterodyne scanning probe microscope (heterodyne SNOM) and a high resolution interference microscope (HRIM). We will review some earlier work using the heterodyne SNOM, in particular the measurement of phase singularities produced by a 1 µm pitch grating with 10 nm spatial sampling. Using the HRIM we have investigated the intensity and phase distributions (with singularities) in the focal region of microlenses. The measurements are compared with the results calculated by rigorous diffraction theory.
Introduction
Optical fields are characterized by an amplitude, a phase and a polarization state.
Coherent light diffracted by microstructures produces subwavelength features and can give birth to phase dislocations, also called phase singularities. Phase singularities are isolated points where the amplitude of the field is zero. In classical microscopy the objects are in general illuminated by incoherent light, and therefore only the intensity is measured. That is probably why historically most investigations (including discussions on resolution, imaging properties etc) are based on the intensity distribution. For phase measurements, coherent illumination and interference of the object wave with a reference 1 http://www-imt.unine.ch 2 Present address: Nanophotonics and Metrology Laboratory, Swiss Federal Institute of Technology Lausanne (EPFL), CH-1015 Lausanne, Switzerland. wave are needed, like in interference microscopy.
In the neighbourhood of phase singularities the phase varies rapidly at a subwavelength scale. To investigate these phase variations and to localize the position of the phase singularities with high precision, we use two different instruments with subwavelength resolution: a heterodyne scanning probe microscope (heterodyne SNOM) [1] and a high resolution interference microscope (HRIM) [2] .
In this paper we wish to give a review of some earlier work with the heterodyne SNOM [3] and some new results obtained with the HRIM. We present measurements of phase singularities with 10 nm spatial sampling and compare them with theoretical results obtained from rigorous diffraction calculations. We made measurements of amplitude and phase with the heterodyne SNOM in the optical field diffracted by periodic microstructures, in particular a holographically recorded 1 µm pitch grating. We have also investigated the 3D intensity and phase distributions in the focal region of microlenses using the HRIM. The measurements are compared with the theoretical results obtained with a 2D model.
Heterodyne scanning probe microscope (heterodyne SNOM)
We have developed a coherent scanning near-field optical microscope (SNOM) with heterodyne detection for accurate phase measurements [1] .
The concept of heterodyne interferometry is introducing a small frequency shift f between two interfering beams. Due to this, the interference of the two beams produces an intensity modulation at the beat frequency f = f 1 − f 2 , which is then detected. The set-up of the SNOM with heterodyne detection is shown in figure 1 .
The laser is a 150 mW frequency doubled Nd:YAG diodepumped solid-state laser (λ = 532 nm). After separation by a beam splitter (BS), the object and reference beams are shifted in frequency by two acousto-optic modulators (AOM), driven at f 1 = 40.07 MHz and f 2 = 40.00 MHz, respectively. On approaching a commercial AFM cantilever fibre probe close to the surface, the field is perturbed, resulting in propagation in the fibre. The reference and object beams are combined in the fibre coupler, producing the beat signal at 70 kHz, detected by a standard silicon photodiode. A polarization controller is used to get maximum interference. During the measurement, the polarization is stable. Using synchronous detection of the heterodyne signal with a lock-in amplifier, we get two electronic output signals from which the amplitude and the phase of the optical field can be deduced. Besides the coherent detection allowing the optical field phase to be determined, we also get an increased dynamic range. This is because the amplitude of the electrical signal is proportional to the amplitude of the optical field, rather than to the intensity. In addition, we can always get shot-noise-limited detection, even with a photodiode, if P R is chosen to be sufficiently large to overcome the electronic noise.
The illumination system for the samples is shown in figure 2 . The illumination system and the sample are mounted on an x-y-z piezoelectric translation stage (100 µm × 100 µm × 20 µm range), which allows accurate translation steps (2 nm resolution in the z-direction). The fibre tip is mounted independently of this translation system. The bent tip is used as a conventional AFM (atomic force microscope) cantilever and is brought close to the surface. Once the tip approach has been done, the AFM feedback (contact mode) is switched off and the scan (in XY or X Z planes) is accomplished by the x-y-z stage. Most SNOM measurements are done at constant height (or constant intensity) in the X-Y plane (parallel to the surface) above the samples. However, the optical field diffracted by a structure depends strongly on the zposition, normal to the surface. Therefore, we have performed scans above the structures in the X-Z plane, perpendicular to the surface.
Phase singularities generated by a 1 µm grating
The sample is a 1 µm pitch quasi-binary shape grating of about 0.7 µm depth, holographically recorded in photoresist. We use a dielectric fibre tip to collect the field information. The small coupling between the dielectric tip and the dielectric grating gives a negligible contribution to the total electric field. Using the set-up of figure 2, measurements of the TE-mode amplitude and phase in the X-Z plane have been performed. Results of the phase measurements are shown in figure 3 together with the theoretical phase distribution calculated with a Fourier modal method (FMM). The phases in figure 3 are represented by contour plots (isophase lines). The distance between two 'bold' lines is λ (and thus corresponds to 2π). The measured phase distribution shown in the left figure 3 is a zoom into a larger field, which has been acquired by scanning in the x-direction at constant height with a step of x = 25 nm, starting at z = 10 µm and moving down in z = 50 nm steps for further x-line scans. The total scan size was x = 5 µm by z = 10 µm and the number of pixels is 200 × 200. With an integration time of 30 ms/pixel, the total image was acquired in 20 min. The circle indicates a phase singularity, an isolated point where the amplitude is zero and the phase is not determined [4] . Comparison with the theoretical calculations (right in figure 3 ) shows a very good agreement, at least for the field measured more than 0.5 µm above the grating.
The evolution of the optical phase in time can be simulated by an additional linearly increasing phase of the reference wave. In figure 4 we present another measurement of the phase around two adjacent singularities using the following approach: the reference phase increases from left to right in steps of 90
• . The spatial sampling of the measurements is 10 nm in the x-direction and 20 nm in the z-direction. We observe that the measured phase distribution changes its shape, but the phase singularities do not change their position. As the wave propagates in the z-direction, the phase distribution turns around the two phase singularities in the opposite direction, which means that they have opposite topological charge. Figure 5 shows another measurement, but similar to a cross-section of figure 4 at z = 1.18 µm. On crossing the phase singularity, the amplitude makes a transition through zero (figure 5(a)) and the phase jump is always π ( figure 5(b) ). (a)
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shot noise limit Figure 5 . The optical power and phase measured crossing a phase singularity (S). The phase singularity is the special point where (a) the amplitude is zero and (b) the phase jumps by π (with a quasi-infinite slope) [3] .
In this figure, we demonstrate that, at a phase singularity, the phase is not defined (because the signal vanishes in the noise) and the amplitude is really zero. In fact, we measured the zero amplitude or, more precisely, the zero optical power, down to P 0 = 10 −16 W (figure 5(a), with the marker 'S'). The theoretical minimum detectable power at 50 Hz bandwidth is P min = 2.7 × 10 −17 W, limited by the shot noise. Thus the detected point is very close to the shot noise. The transition of the phase in figure 5(b) is measured within one step of ±10 nm. The measured phase jump is as sharp as one step (with a slope of 18
• nm −1 ). From these measurements we see that although the amplitude falls practically down to zero at the singularity, the signal-to-noise ratio around the phase singularity ( figure 5(b) , markers A and B, separated by 20 nm) is sufficiently large to locate the phase jump with high accuracy. In fact, in figure 5(b) , the signal-to-noise ratios at the points A, S and B are SNR A = 26 dB, SNR S = 6 dB and SNR B = 21 dB, respectively, corresponding to the optical powers of P A = 10 −14 W, P S = 10 −16 W and P B = 3 × 10 −15 W. The resulting standard deviations for the phase measurement are δϕ A = 3
• , δϕ S = 30
• and δϕ B = 5
• . Although the phase is not well measured at S, the transition is very well localized (within 10-20 nm) by the measurements at points A and B in figure 5(b) .
In previous papers we have also discussed the vectorial aspects of the electromagnetic field detection with fibre optical SNOM probes [3, 5] . We did observe some interesting polarization effects for the TM diffraction mode, which has an important longitudinal electric field component in this nonparaxial case, and our conclusion was that the longitudinal component of the electric field contributes nearly as much as the transverse component to the excitation of the propagating mode in the fibre probe.
High resolution interference microscope
We have modified a classical interference microscope based on a Mach-Zehnder interferometer by adding a second magnification stage to obtain high spatial accuracy (see figure 6 ) [2] . The instrument is suitable for studying test structures in transmission. The typical overall magnification of the interference microscope is up to 1000, giving rise to a pixel size in the object field between 10 and 50 nm. The resolution of the far-field measurements is, of course, diffraction limited. The test structures are illuminated by a linearly polarized plane wave of wavelength λ = 488 nm. A piezo-stage is used for precise z-positioning of the test element. 3D measurements are created via z-stepping of whole x-y areas, read consecutively using an area CCD. Thus, the different sections (x-y, x-z, y-z) can be observed by taking slices through the completed 3D data array. The phase information of the optical field is obtained by a classical five-frame error-compensation algorithm [6] . Varying the phase difference between the two interfering beams in a known manner (phase shifts of π/2 introduced by a PZTmounted mirror), five intensity distributions are acquired and the original phase difference between the interfering beams can be calculated. The first studies in the field of high resolution interferometry were carried out by Tychinski [7] . He observed structures of the phase distribution inside a diffraction-limited spot. Convincing explanations of the apparent superresolution phenomenon have been given only recently by Totzeck and Tiziani [8, 9] . With a high resolution interference microscope, phase singularities can be observed [2] . Phase singularities can be observed in both the near and far fields of optical microstructures. The phase jump at singularities is very sharp, which allows the determination of their position with subwavelength accuracy. However, since the electromagnetic field decreases to zero, the detected signal decreases in the vicinity of a singularity and the accurate location of two close singularities is therefore limited by the signal-to-noise ratio.
Phase singularities in the focal region of microlenses
Micro-optical elements play an important role in a large range of applications, notably in integrated optical systems. Today's technology allows the realization of a great variety of microoptical elements, and several simulation methods have been developed in order to model the interaction of light with such optical microstructures [10, 11] . The ability to image and compute the optical field of micro-optical elements allows a better understanding of the optical phenomena that occur.
In this paper we discuss the simulation and measurement of the optical field in the focal region of a refractive microlens. Similar studies have already been presented [12] [13] [14] [15] , however, with limited experimental results. To the best of our knowledge, we present for the first time combined theoretical and three-dimensional experimental investigations. For this purpose, the Fourier modal method (FMM) based on rigorous diffraction theory [16] was applied and, by means of high resolution interference microscopy, the intensity and phase distribution of the optical field generated by a microlens was measured. A common and well-known method for fabricating refractive microlenses is the resist melting technology or reflow technique [17] . This technology was used to fabricate the microlens arrays discussed in this paper. The investigations presented add more information about the behaviour of the optical field in the focal region of refractive microlenses with a diameter of the order of 30 µm and high numerical apertures (NA ≈ 0.4).
On the basis of a standard rigorous diffraction theory, we apply the rigorous eigenmode method (FMM) to the simulation of microlens arrays [16] . The rigorous eigenmode method is applicable to a wide range of periodic profiles but is limited by the dimensions and the period of the microstructure because of the increasing computational requirements. In order to observe the optical field in the focal region experimentally, we analyse two-dimensional arrays of approximately hemispherical microlenses illuminated with a plane wave.
For the simulation we perform twodimensional calculations (transverse electric polarization). Three-dimensional calculations are not possible because of the computational requirements, which exceed by far the available capacities. For the two-dimensional calculations we use a periodic line of infinitely long cylindrical lenses [18] and we represent the lens surface as part of a perfect circle, which does not completely correspond to a real microlens fabricated by the resist melting technology, but is a good approximation for the microlenses studied. The precise form of a microlens and, hence, also its focal properties are determined by the effects of surface tension, temperature and the rate and manner of the temperature change during fabrication [19] .
The microlenses presented have a diameter of d = 30 µm, a height of h = 10 µm and a focal length of f ≈ 35 µm (NA ≈ 0.4). The 2D array period is 33 µm. In figure 7(a) we present the measured intensity distribution. The lens is illuminated with a plane wave propagating in the z-direction (in the figure from top to bottom). The intensity distribution in the focal region is strongly modulated by diffraction due to the high numerical aperture. Comparing with the calculated intensity, shown in figure 7(b) , and considering the differences between the 2D model and 3D lens, we observe a good correspondence in the diffraction pattern. However, we notice that the calculated intensity is stretched in the z-direction in comparison with the measured intensity. Further, in the calculated diffraction pattern we observe a dark region just above the focus, which is not present in the measurements. This may be due to the fact that the calculations generate a two-dimensional pattern whereas the measurements refer to a section of an axially symmetric 3D diffraction pattern [20] . Variations may also be caused by the difference between the shape of the real microlens and the shape of the simulated microlens. The diffraction contributions of the neighbouring lenses cannot be noticed because most of the energy is diffracted into lower orders [18] .
The behaviour of the phase in the focal region of the microlenses is illustrated in figure 8 . The illumination of the microlens is again in the direction of the z-axis. The agreement between the measured ( figure 8(a) ) and the calculated ( figure 8(b) ) phase distributions allows good comparison, including the phase singularities (marked by circles). The noise in the measurements is due to the rapid changes of the intensity with position and the low intensities in regions outside the focus. There is also a contribution from relative movements caused by external influences during the measurements. Approaching the focal region from the bottom towards the lens (z 15 µm in the measured and z 43 µm in the calculated phase distribution) the wavefronts are more smoothly curved than between the focus and the lens. In general, the closer to the microlens we get (going towards z = 0 µm), the more turbulent the wavefront is. Further, we observe that the wavefront changes the direction of its curvature starting at the centre of focus and growing progressively while approaching the microlens. This change of curvature direction starts at a specific point, which is situated between the first two phase singularities when approaching the focal region from the bottom. In a restricted region between these two singularities we can observe a planar wavefront. Additional singularities are encountered approaching further towards the microlens. They always occur in pairs in order to conserve the topology of the optical field [20] .
One of the essential properties of a phase singularity in a two-dimensional section as presented in figure 8(c) is given by a phase change on a closed path around the singularity [20] :
The total phase change of ±2π remains unchanged if the closed path around the singularity is varied. By using the measurements, we calculate the phase on the path around the singularity. To prevent adjacent pixels from acquiring a difference in phase that exceeds π, phase unwrapping is used [21] . Figures 9(a) and (b) show the unwrapped phase on two different paths around the measured singularity of figure 8(c) with the corresponding phase change of 2π. This property allows us to localize the singularity to within the region of 105 by 150 nm ( figure 9(b) ), which is less than the diffraction limit. To confirm the accuracy of locating the singularity, an additional curve (dashed line) is added to figure 9(b) , showing the unwrapped phase on a closed path (laterally shifted by 105 nm) not enclosing the singularity. Figure 9 (c) shows the unwrapped phase on a path equivalent to the one in figure 9 (a) around the singularity in the simulated field shown in figure 8(c) . A good comparison between figures 9(a) and (c) can be drawn. Notwithstanding the present noise in the measured phase distribution due to low intensity in the vicinity of singularities, we are able to localize the phase singularity with subwavelength accuracy. It is interesting to note that the observed intensity diffraction pattern in figure 7 is most similar to the Pearcey pattern [20] . However, the measured and calculated phase distributions show a different behaviour inside the caustics. The Pearcey pattern presents pairs of singularities inside the caustics whereas we cannot observe such in the rigorously calculated intensity distribution.
The measured phase distribution may contain singularities inside the caustics (for z < 8 µm), but they are not discernible with assurance due to the present noise. In addition, our calculations have shown that singularities inside the caustics are only present for lenses of significantly greater size than the ones studied in this paper. This finding is in accordance with recently published investigations by Nye [23] .
Next, we investigated the measured phase singularities in three-dimensional space. In general, dislocations are curved lines in space. By scanning through the 3D measurements the positions of different pairs of singularity have been extracted. Enough singularity positions have been extracted to indicate the form of the dislocation lines. The phase singularities are situated on different concentric circles (figure 10) forming circle dislocations according the Airy pattern, and because they are perpendicular to the direction of propagation they are of pure edge type [20] . The fact that the measured dislocations are circles perpendicular to the direction of propagation indicates that the microlens investigated has no serious astigmatic aberrations. In the presence of astigmatism, the dislocation circles are distorted out of the plane perpendicular to the optical axis. An example of such a distorted dislocation from a different microlens is presented in figure 11 . The extracted singularity points forming the dislocation line are no longer situated in a plane perpendicular to the direction of propagation. This observation indicates astigmatic aberration for the microlens investigated. By observing dislocation lines in the focal region, we get information about the quality of the focal properties, which are key attributes in applications of microlenses.
Conclusion
We have presented two different instruments for phase measurements of optical fields with subwavelength resolution: a heterodyne scanning probe microscope (heterodyne SNOM) and a high resolution interference microscope (HRIM). In particular, we have used them to determine the existence and properties of phase singularities. For both instruments we have demonstrated subwavelength resolution for the phase measurements with a spatial sampling of the order of 10 nm and a corresponding resolution for the position of the phase singularities.
Using the heterodyne SNOM we were able to measure the phase around two adjacent phase singularities separated by less than 300 nm at a wavelength of λ = 532 nm. We have also verified that the phase turns around these two phase singularities in opposite directions, which means that they have opposite topological charge, as expected by theory.
By means of high resolution interference microscopy we have been able to image the intensity and the phase distribution in the focal region of microlenses. There is a good qualitative agreement between the measured optical intensity and phase distribution and the results of rigorous diffraction theory applied to a two-dimensional model. We have been able to observe the predicted phase singularities in the measurements. They are situated in the focal region and define characteristic points where the wavefront curvature changes its direction. Closer three-dimensional investigations of the phase distribution in the focal region show that phase singularities form closed lines in space in order to conserve the optical field topology. This confirms the presence of dislocation rings corresponding to the Airy ring in a focal pattern. The measurements for an astigmatic microlens show that the dislocation line is distorted along the optical axis indicating the aberrations of this focusing microlens.
Comparing the two instruments, there is a significant difference concerning the vectorial aspect of the detected electric field: in the case of the high resolution interference microscope the non-paraxial field (large numerical aperture) produced by a microscopic object is transformed into a paraxial field at the observation plane of the microscope; therefore the electric field has only transverse components and the detected polarization is selected by the polarization of the reference wave, whereas the heterodyne SNOM probes directly the nonparaxial field with transverse and longitudinal components of the electric field vector [22] . In this latter case, the detected signal depends on the field conversion (vectorial transfer function of the tip) and the propagating mode in the fibre probe.
